[1] Measurements of electric and magnetic field taken by instruments on the Combined Release and Radiation Effects Satellite (CRRES) spacecraft on 29 July 1991 reveal seven or eight toroidal Alfvén wave frequency bands. By using observations of the waves near the magnetic equator and the symmetry of the theoretical modes as a function of magnetic latitude, we can identify which theoretical Alfvén wave harmonic corresponds to a particular frequency band. This, along with the L shell frequency dependence, gives convincing evidence that we are in fact observing the toroidal Alfvén mode. Because the harmonics of the toroidal Alfvén wave have a different response to mass density at different points along a magnetic field line, the frequencies of these harmonics can be used to infer the distribution of mass density along the field line. While there is a significant uncertainty in the results due to the uncertainty in the observed frequencies, it is nevertheless true that both the solution based on the peak (mean) frequencies and the majority of solutions using a Monte Carlo simulation of the effects of uncertainty in frequency show the same result, that there is a local maximum in r within about 30°of the magnetic equator. A similar result is found for the wave event observed on 28 August 1990, a local maximum in r within about 15°of the magnetic equator. These results imply that heavy ions are preferentially concentrated at the magnetic equator.
[1] Measurements of electric and magnetic field taken by instruments on the Combined Release and Radiation Effects Satellite (CRRES) spacecraft on 29 July 1991 reveal seven or eight toroidal Alfvén wave frequency bands. By using observations of the waves near the magnetic equator and the symmetry of the theoretical modes as a function of magnetic latitude, we can identify which theoretical Alfvén wave harmonic corresponds to a particular frequency band. This, along with the L shell frequency dependence, gives convincing evidence that we are in fact observing the toroidal Alfvén mode. Because the harmonics of the toroidal Alfvén wave have a different response to mass density at different points along a magnetic field line, the frequencies of these harmonics can be used to infer the distribution of mass density along the field line. While there is a significant uncertainty in the results due to the uncertainty in the observed frequencies, it is nevertheless true that both the solution based on the peak (mean) frequencies and the majority of solutions using a Monte Carlo simulation of the effects of uncertainty in frequency show the same result, that there is a local maximum in r within about 30°of the magnetic equator. A similar result is found for the wave event observed on 28 August 1990, a local maximum in r within about 15°of the magnetic equator. These results imply that heavy ions are preferentially concentrated at the magnetic equator.
Introduction
[2] Magnetospheric mass density controls the time response of the magnetosphere to solar wind perturbations and is thus important for space weather. Toroidal Alfvén waves (with azimuthal velocity and magnetic perturbations), also known as the field line resonant mode, are commonly observed in the magnetosphere [Anderson et al., 1990; Lessard et al., 1999] . They can be detected on the ground [Waters et al., 1996] , thus making possible the remote sensing of magnetospheric mass density simultaneously at a number of locations .
[3] Toroidal Alfvén frequencies have been used by a number of authors to infer magnetospheric mass density (see references by Denton and Gallagher [2000] , , and Denton et al. [2001] , plus Chi et al. [2000a] published since these other references). Because the harmonics of the toroidal Alfvén wave have a different response to mass density at different points along a magnetic field line, the frequencies of these harmonics can be used to infer the distribution of mass density along the field line. To understand this, note that the fundamental mode has its largest perturbation in velocity at the magnetic equator, whereas at the same location the second harmonic has a node in the velocity perturbation (Figure 1 ). Assuming, for instance, that the mass density is constant along the field line, one can calculate the frequencies of the fundamental and second harmonic and calculate the ratio of those two frequencies. However, if the mass density is increased in the vicinity of the equator, the frequency of the fundamental mode will be reduced, the frequency of the second harmonic will not be greatly affected, and the ratio of the fundamental frequency to the second harmonic frequency will be less than it would if the density were constant along the field line. Thus this ratio yields information about the mass density at the equator compared to the mass density off the equator. If one knows more than two frequencies, it is possible to get even more information about the field line dependence.
[4] Most attempts to infer the field line dependence have assumed a power law form for the mass density r r ¼ r eq
where r eq is the equatorial mass density and R max is the maximum distance to any point on the field line ($LR E ). Takahashi and McPherron [1982] , Engebretson et al. [1986] , and Menk et al. [1999] assumed equation (1) and used toroidal Alfvén harmonics to determine a ranging from 0 to 6, implying that r is a minimum at the magnetic equator. (However, as pointed out by Denton and Gallagher [2000] , Takahashi and McPherron would have found a negative value for a in the case of one of their data points if their method had allowed for such a possibility.) Price et al. [1999] and Denton et al. [2001] used a more general method, which allowed for a nonmonotonic field line dependence.
[5] In order to use the toroidal Alfvén frequencies to determine r, the harmonic number associated with each frequency must be identified. Because of the symmetry of the modes about the magnetic equator (Figure 1) , the latitudinal dependence of the perturbations can be used to help identify the modes [Anderson et al., 1990; . observed the fundamental and second harmonic modes simultaneously on the same field line using electric and magnetic field measurements on the ISEE-1 spacecraft.
[6] The main uncertainty in determining the field line distribution of mass density from toroidal Alfvén frequencies results from the uncertainty of the frequencies themselves. While this calculation is straightforward if only a single frequency is measured (such as the fundamental mode), it is not so simple when the frequencies of multiple harmonics are measured. Denton and Gallagher [2000] first investigated the sensitivity of the equatorial mass density and power law coefficient a (equation (1)) to errors in multiple frequencies. Denton et al. [2001] used a polynomial expansion for mass density r as a function of position along the field line and determined the error in r using a Monte Carlo distribution of frequencies based on the widths of the spectral lines. They used a single time segment for the Fourier analysis in each event. In the case of the first event they studied (orbit 0081, 28 August 1990), it was possible to determine the frequencies accurately enough to show that there was a local peak in density at the magnetic equator. However, as will be shown later in this paper (Figures 2 -4) , the frequencies one measures will depend on the particular choice of the time segment. The danger of choosing a single time segment for the analysis is that the results may not be representative of the surrounding data. In fact, reexamination of the second event studied by Denton et al. (orbit 0920) has indicated that the power spectra used in that study were not stable enough to justify use of the fourth harmonic frequency (listed in that study) as the time window was shifted.
[7] In this paper, we determine the frequencies and their associated uncertainties more conservatively, by averaging the power spectra obtained over a number of time segments. We use electric and magnetic field measurements taken by the Combined Release and Radiation Effects Satellite (CRRES) on 29 July 1991 in order to identify eight toroidal Alfvén harmonics and use seven of these to infer the parallel distribution of mass density. We also reanalyze the 28 August 1990 event (orbit 0081) that was examined by Denton et al. [2001] . In sections 2 and 3, we describe the data and the method of computation, respectively. In section 4 we present our results for the 29 July 1991 event. Discussion follows in section 5, including a new analysis of the 28 August 1990 event.
Data

Instrumentation
[8] The CRRES spacecraft was launched in late July 1990 into an 18.2°inclination orbit with apogee at approximately geocentric distance (6.3 R E ) and perigee at an altitude of 350 km. The orbital period was about 10 hours. The satellite was spin stabilized, at a rate of 2 rpm, with its spin axis pointing within 15°of the Sun. The local time of apogee, initially at 0800, precessed toward the west at approximately 0.67°per day. In this study, we used data acquired by the fluxgate magnetometer , the electric field experiment , the Plasma Wave Experiment (PWE) , and the Low-Energy Magnetospheric Ion Composition Sensor (LOMICS) [Young et al., 1992] . High-resolution data is available from the magnetometer instrument, but we average the data to 15 s resolution, implying a Nyquist frequency of 33 mHz.
[9] The electric field experiments consisted of spherical and cylindrical sensors. We used data from the cylindrical Figure 1 . Sketch showing the symmetry of (a) symmetric modes like the fundamental n = 1 and (b) asymmetric modes like the second harmonic. For both modes, the dashed line is the unperturbed magnetic field line viewed from the equatorial plane, the north (south) ionospheric boundary is at the top (bottom), and the magnetic equator is at the middle. The perturbed field line is the solid curve, and the solid (dashed) arrows show the azimuthal perturbation in velocity DN (magnetic field DB).
sensors. Data values are available at 15 s resolution, but the data values are averaged over the spacecraft spin period of approximately 30 s. This means that there is a 15 s overlap in the averaging period for adjacent data values. The net effect is that the electric field data will be of the highest quality up to 16.5 mHz, corresponding to the Nyquist frequency for 30 s resolution, but the electric field power spectrum will be gradually degraded as the frequency increases from 16.5 mHz to 33 mHz (corresponding to the Nyquist frequency for 15 s resolution). The electric field is sampled in the spacecraft spin plane. To get the electric field component along the spin axis (approximately the direction toward the Sun), it is assumed that there is no electric field E along the direction of the ambient magnetic field B 0 , that is, E Á B 0 = 0. This technique is considered to be reliable when the angle between the satellite spin plane and B 0 is greater than 20° [Maynard et al., 1996] , which is the case for the data we will be using.
[10] Data from the Plasma Wave Experiment (PWE) are used to estimate the electron number density N e from the upper hybrid noise band frequency [Ledocq et al., 1994] . The log average and standard deviation are calculated over the period of time during which we examine the waves.
[11] Data from the Low-Energy Magnetospheric Ion Composition Sensor (LOMICS) was used to directly measure the mass density of ions with energy 60 eV and above [Young et al., 1992] . Using these data, we find r sc,obs , a lower limit for the mass density at the spacecraft location (Appendix A). Again, the log average and standard deviation are calculated during the period studied. The density values are listed in Table 1 . As can be seen from Table 1 , the additional mass density from ions with energy >60 eV did not significantly affect the mass density estimate. Therefore our mass density estimate is based mainly on data from the Plasma Wave Experiment. The LOMICS measurements certainly do not rule out the possibility that there could be a significant population of cold heavy ions with energies <60 eV.
Observations of Toroidal Alfvén Waves on 29 July 1991
[12] Figure 2 shows observations by CRRES on 29 July 1991. Spacecraft apogee (at R $ 6.5 R E ) occurs slightly after 2100 UT. Based on the dipole field model, the largest L value is reached at about 2040 UT (Figure 3d ). These times are close to the times when minimum electron density N e and ambient magnetic field B 0 (a 15 min boxcar log average of the magnitude of B 0 ) are observed (Figure 2a) . The spacecraft position averaged over the period 1930-2100 UT, along with Dst and Kp, is listed in Table 1 .
[13] The fluctuating fields are calculated in a local fieldaligned coordinate system. Theẑ direction is the direction of the ambient magnetic field,ŷ = Àr Âẑ, wherer is a unit vector in the radial direction, andx =ŷ Âẑ. Thusŷ roughly ), while the dashed curve is the logarithm of the ambient magnetic field B 0 (in nT). In Figures 2b and 2c the power spectra of the time derivative of the perturbations of the electric and magnetic field are plotted in grayscale, jwdE x j 2 and jwdB y j 2 , respectively. The color bars at right in Figures 2b and 2c show the base 10 logarithm of the power spectral density in (mV/(m-s)) 2 for jwdE x j 2 (in Figure 2b ) and in (nT/s) 2 for jwdB y j 2 (in Figure 2c) . At the bottom, R is in units of R E , MLAT is in degrees, and MLT is in hours.
corresponds to the azimuthal direction, andx corresponds to a radial or L shell direction. In this paper, we will be studying the toroidal Alfvén wave, with velocity and magnetic field fluctuations in theŷ direction dn y and B y , respectively ( Figure 1 ). The associated electric field fluctuation is dE x / À dn y B 0 .
[14] In Figure 2b and 2c, power spectra of wdE x and wdB y , respectively, are shown. The power spectra are whitened (that is, the higher frequency spectrum is enhanced) by multiplying the Fourier coefficients by the frequency. In Figure 2c , the horizontal dark bands at 14 mHz and 0 -3 mHz are due to noise associated with incorrect despinning of the data. Neglecting these, note the power in bands of emission that have a minimum in frequency at about 2100 UT (where L is a minimum) and shift to higher frequency at earlier and later times. For instance, in the wdE x power spectrum, there is a clear band with minimum frequency of about 10 mHz. These bands are due to toroidal Alfvén harmonics, as we will show.
[15] Figure 3a shows the same data as was plotted in Figure 2b , but the data analysis is slightly modified. The Fourier transforms are calculated in 30 min sliding time windows (at each time, a 30 min window is used to calculate the power spectrum), but the plotted time resolution is higher. Again, a number of emission bands are evident.
[16] We expect the frequency of an Alfvén wave to be a number of order unity times a characteristic Alfvén speed divided by the length of the field line [Denton and Gallagher, 2000] . The simplest relevant Alfvén speed would be calculated at the magnetic equator (where B 0 is low, and therefore also the Alfvén speed V A ; this region has a dominant effect on the determination of the wave frequency f, since 1/f % R ds/V A , where ds is the differential length along the field line). The length of the field line scales like L. Therefore we expect the frequency of the toroidal Alfvén wave to scale like
, where B 0eq is the local ambient magnetic field mapped to the magnetic equator using the dipole field model, L is the L shell based on the dipole field model, and N e is the local electron density based on the PWE measurements. (Here the density is assumed not to vary greatly between the spacecraft location and the magnetic equator.) The variable F t is then implicitly a function of time t through the time dependence of the other variables.
[17] Figure 3b shows the same data as was plotted in Figure 3a , except that at each time, the frequencies have been multiplied by F 2015 /F t , where F 2015 is evaluated at 2015 UT, close to the minimum in Alfvén frequency ( Figure 3a ). The effect is to level out the Alfvén frequency; that is, the Alfvén frequency at each time is similar to that which occurs at 2015 UT. In fact, the bands of wave power in Figure 3a that we associated with the toroidal Alfvén wave now appear to be roughly horizontal in Figure 3b showing that the frequency scales as we expect. This is clear evidence that these wave bands are in fact due to the toroidal Alfvén wave.
[18] The transformation in frequency leading to Figure 3b is also applied to the power spectrum of the magnetic field fluctuations in Figure 3c . The intense band of emission which has a frequency of 13.5 mHz at 2200 UT (right side of plot) increasing up to about 14 mHz at 2000 UT and then decreasing to about 7 mHz at 1750 UT (left side of plot) corresponds to the noise band which was at about 14 mHz in Figure 2c . Some toroidal wave emission can be observed just under this noise band between 2000 and 2100 UT indicating that there is a real wave band at about this frequency.
[19] In Figure 4a , the electric and magnetic field power spectra (with frequency transformation) are superimposed. The electric field power spectrum is plotted in grayscale, while one contour level is used to indicate the magnetic field power spectrum. Again, we need to be careful to recognize the noise bands for the magnetic field power spectrum; at the right side of the plot, one of these is at about 13 mHz, and one of these is below 3 mHz. Concentrating on the right side of the plot between 2100 and 2200 UT (for which MLAT is close to zero), we see an alternation in polarization in the bands of emission. At 2-4 mHz, there is a dark band indicating a fluctuation in electric field; the value n = 1 to the right of the plot marks this band. At about 5 mHz, we see contour lines indicating a fluctuation in the magnetic field; the value n = 2 to the right of the plot marks this band. At about 10 mHz, we see another dark band indicating a fluctuation in the electric field (n = 3). This alternating pattern continues along the right side of the plot, and n values up to 8 corresponding to these are listed to the right of the plot. In the case of the band at about 14 mHz, there is some uncertainty due to the noise band at that frequency, but it can be seen from Figure 3d that there is some wave power at around that frequency, at least between 1940 and 2200 UT.
[20] To see the alternation in polarization more clearly, we plot in Figure 5 an average from 2100 to 2200 UT of the power spectra plotted in Figure 3 . That is, we average the power spectra computed for all time windows centered on times between 2100 and 2200 UT. Hence the widths of the spectral lines include the variation one gets due to different choices of the time window. The power spectrum of the electric field fluctuations (times frequency) is indicated by the dashed curve, while that of the magnetic fluctuations is indicated by the solid curve. The peaks marked by crosses are noise. A clear alternation in polarization can be seen in the peaks that are labeled n = 1 to 8 (with the exception of the magnetic field power spectrum for n = 4, which is obscured by noise; though see Figure 3c ). The time period 2100-2200 UT corresponds to small but nonzero MLAT = À4 to À2° (Figure 4b) . If the magnetic field were simply a dipole field, the magnetic equator would be at MLAT = 0°, but using the Tsyganenko 1989 magnetic field model [Tsyganenko, 1989] , we find that the minimum value of B 0 (a better indication of the true magnetic equator) occurs at MLAT = À2°. (With the T96 magnetic field [Tsyganenko, 1995] , assuming monthly average values for the solar wind parameters, we find a minimum at MLAT = À1°.) At any rate, the modes with odd n have a significant electric field or velocity perturbation near the magnetic equator, while the modes with even n have a significant magnetic perturbation there. The straightforward interpretation is that the bands with odd n correspond to symmetric modes, while the bands with even n correspond to asymmetric modes (see Figure 1 ). Seeing as it is the lowest frequency mode, it has the largest power (in the power spectrum of the electric field not multiplied by frequency) and has the right polarization ( Figure 1a) . We identify the n = 1 mode as the fundamental; n = 2 then corresponds to the second harmonic, and the higher values of n correspond to higher harmonics.
[21] While the time period 2100 -2200 UT is useful for examining the polarization, the frequencies of the modes are better defined in an earlier time period. Figure 6 shows the power spectra averaged over 1930-2100 UT in the same format as Figure 5 . In this case, data such as that in Figure 3 was used for the averages, but with a 45 min average used for the power spectra. (Increasing the time window to 45 min decreased the width of the spectral peaks in Figure 6 , but increasing the time window further did not result in any further improvement.) We can identify peaks corresponding to n = 1, 3, 4, 5, and 6 in the electric field, and n = 2, 3, 5, 6, and 7 in the magnetic field. We calculate the average frequency and standard deviation in each peak numerically; these are listed for n = 1 -7 in Table 1 . We will not use n = 8, since there 2 (dashed curve) and jwdB y j 2 in (nT/s) 2 (solid curve) averaged between 2100 and 2200 UT. The large peaks marked by crosses are spurious noise.
is some uncertainty as to the exact peak location in Figures 5 and 6. Further details on the calculation of the uncertainty in the observed frequencies is given in Appendix B; the dashed lines in Figure 6 will be described in paragraph 34.
Method of Calculation
[22] Given the frequencies of the toroidal Alfvén harmonics, we can solve for the mass density distribution along the field line. In brief, we assume some functional form for the mass density distribution along the field line and make a guess for the coefficients describing the distribution. We then solve the wave equation of Singer et al. [1981] to get the theoretical frequencies consistent with the mass density. We vary the coefficients of the mass density distribution until the theoretical frequencies match the observed ones. For any particular solution, we can also find as part of the solution the linear electric and magnetic field perturbations of each harmonic.
[23] For the most part, we use the method of Denton et al. [2001] ; the discussion below touches on some important features of the analysis, stressing mainly the differences from their approach. The functional form for the mass density along the field line is either the power law form in equation (1) or a polynomial expansion for the base 10 logarithm of the mass density
in terms of the Alfvén crossing time coordinate t, where
and the integral is calculated from the magnetic equator (position of minimum B 0 ) to any position along the field line. The quantity t is then modified by multiplying by a linear function of the unadjusted t so that t = ±1 at the two ionospheric boundaries (the linear term is only a slight adjustment and does not appear to significantly affect the results). The coordinate t is the most natural choice for evaluating the mass density, since in the WKB approximation, the nodes of an Alfvén wave are evenly spaced with respect to this coordinate. Because the coordinate t is itself a function of the field line distribution for r being sought, we use an iterative scheme so that the values of t used in the final solution are consistent with the values of r.
[24] For this paper, we limit the solution to even powers of t (as in equation (2)); that is, the field line distribution is assumed to be symmetric about the magnetic equator. We have done computations using odd powers, but the resulting solutions for r are not very well constrained. Small differences in the degree of agreement between observed and theoretical frequencies correspond to large differences in the field line distribution. Thus for this paper, we will circumvent this problem by assuming that the field line distribution is symmetric.
[25] Denton et al.
[2001] used a nonlinear root solver to adjust the coefficients of the mass density distribution so as to match the theoretical and observed frequencies. Because of this, they were limited to use a number of observed frequencies equal to the number of coefficients describing the mass density distribution (so that the number of unknown quantities was equal to number of known quantities). For the results presented in this paper, we always use as input to the solution the total number of observed frequencies f obs-n listed in Table 1 ( =7) . When the number of coefficients is less than the number of observed frequencies, we minimize
where the theoretical and observed frequencies are f th-n and f obs-n , respectively, and N = 7 is the number of frequencies.
Further details on the method are given in Appendix C.
Solutions for Mass Density and Fields
Field Line Distribution of R R From Frequencies
[26] We now solve for the mass density distribution along the field line by adjusting the coefficients of the mass density distribution so that the deviation between the theoretical and observed frequencies s f defined in equation (4) is minimized. Based on the peak frequencies for the 29 July 1991 event listed in Table 1 , and using the power law density function in equation (1), we find r eq,a-peaks = 148 amu/cm 3 and a peaks = À5.5, indicating that there is a peak in mass density at the magnetic equator. (These values are listed in Table 2 . We use the subscripts ''eq'' or ''sc'' to indicate the density at the magnetic equator or spacecraft location, ''obs,'' ''a,'' or ''poly'' to indicate the observed quantity or a solution using the power law density in equation (1) or polynomial form in equation (2), and ''peaks'' or ''ensem'' to indicate a theoretical solution based on the peak frequencies or using an ensemble of frequencies as described in the next paragraph.)
[27] In order to estimate the uncertainty in the mass density distribution due to the uncertainty in the observed frequencies, we use a Monte Carlo simulation, calculating the mass density for an ensemble of frequency sets . More specifically, we generate 50 sets of the seven frequencies such that the standard deviation of the 50 values for each theoretical frequency f th-n is equal to the uncertainty of the observed frequency listed in Table 1 . Averaging the fits from the ensemble of solutions, we find 
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r eq,a-ensem = 127 Â/Ä 1.5 amu/cm 3 and a ensem = À4.7 ± 5.4 ('' Â/Ä'' indicates a multiplicative error resulting from the log average, log 10 r eq,a-ensem = 2.11 ± 0.18, where r eq,a-ensem is measured in amu/cm 3 ). This indicates that most solutions consistent with the uncertainties in frequency lead to a peak in mass density at the equator (negative a). A flat solution (a = 0) is (just barely) within the uncertainty, but a = 3 or 4, as is sometimes expected for a collisionless particle distribution [Goldstein et al., 2001] , is unlikely. The average MLAT value for the period of waves, 1930-2100 UT (during which we have calculated the average observed mass density r sc,obs = 60.1 ± 4.6 amu/cm 3 ), was MLAT = À5.2° (  Figure 4b ). For each solution in the ensemble, we calculate the mass density at this latitude, and after computing a log average find r eq,a-ensem = 124 Â/Ä 1.5 amu/cm 3 . The lower end of this range, 124/1.5 = 84 amu/cm 3 , is still larger than the observed mass density r sc,obs = 60.1 ± 4.6 amu/cm 3 , indicating that there may be cold heavy ions present.
[28] In Figure 7 , the results of our calculations are shown as a function of magnetic latitude MLAT and geocentric radius R. The bold curve is the solution based on the peak frequencies (equation (1) with r eq,a-peaks and a peaks ). The three thin curves show the results of the Monte Carlo simulation; they are the logarithmic average and the logarithmic average plus or minus one standard deviation calculated at each position from the ensemble of solutions. (Because the plot has a log scale, the logarithmic average is vertically halfway between the upper and lower thin curves at each value of MLAT or R.) The mass density observed at the spacecraft location, r sc,obs = 60.1 ± 4.6 amu/cm 3 , is plotted as an asterisk with error bars. Again, it is clear that the solution for r based on the peak frequencies and the majority of solutions from the Monte Carlo simulation have a local peak in mass density at the magnetic equator.
[29] Since we have seven frequencies, it is possible to use a functional form for mass density with more than two parameters. Figure 8 shows the results of our calculations using the polynomial form for mass density in equation (2). In this case, only c 0 , c 2 , c 4 , and c 6 are nonzero. For other choices of polynomial coefficients, see Appendix D. As in Figure 7 , the bold curve in Figure 8 is based on the peak frequencies and thin curves show the results from the Monte Carlo simulation. The value t = 0, about which the solution for r is symmetric (in t), occurs at about MLAT = À2°. The bold curve based on the peak frequencies has a slight ''dimple'' in r at MLAT near À2°; that is, r has a local minimum confined to about ±10°from MLAT = À2°. However, the dip in r is not great, and the log average solution based on the Monte Carlo simulation does not show such a minimum, indicating that it is probably not statistically significant. Figure 8 shows that the solution based on the peak frequencies and the majority of solutions from the Monte Carlo simulation have a higher value of r within about 15°from the magnetic equator than they do at about 25°from the magnetic equator; that is, there is a local maximum in r near the magnetic equator.
[30] For most of the solutions, the mass density also starts to increase at large latitude; that is, the mass density decreases as one moves away from the magnetic equator but then increases again at larger latitude. This is consistent with the fact that the mass density must eventually increase at ionospheric latitudes. On the other hand, there is a great Figure 7 . Solutions for mass density r as a function of (a) MLAT and (b) R in R E using the power law form in equation (1). The bold curve is the solution based on the peak frequencies. The middle thin curve is the log average solution based on a Monte Carlo distribution of frequencies using the measured errors in frequency. The upper and lower thin curves are the log average solution plus or minus one standard deviation. The asterisk with error bars is plotted at the numerical value of the observed mass density in amu/cm À3 based mainly on data from the Plasma Wave Experiment (PWE). amount of uncertainty in the mass density distribution at large latitude (as indicated by the large separation between the upper and lower thin curves). This can be easily understood based on the WKB formula for the Alfvén frequency 1/f % R dl s /V A ; the high-latitude region is where B and hence V A is large, and it does not have a great affect on the values of the frequencies. Thus when finding the mass density from the frequencies, small changes in the frequencies lead to large variations in r at high latitude.
[31] The field line dependence shown in Figure 8 can also be related to the coefficients c i listed in Table 2 . The coefficients based on the Monte Carlo simulation are c 0 = 2.2 ± 0.4, c 2 = 1.3 ± 1.4, c 4 = À4.9 ± 2.6, and c 6 = 3.1 ± 2.1. While it is difficult to make an exact comparison with Figure 8 (without numerically integrating to define the coordinate t), it is clear that c 2 yields the variation in r closest to the magnetic equator (the ''dimple'') where t is the smallest, c 4 yields the large drop in r between about 10 and 30°, and c 6 (in combination with the other coefficients) leads to an increase in r at large MLAT (and t).
[32] As seen in Figure 7 and 8 or from the observed and theoretical values for r sc listed in Table 2 , the value of r sc,obs (asterisk with error bars in Figures 7 and 8 ) appears to be a factor of 2 -3 below the theoretical mass density at the same latitude based on the toroidal Alfvén frequencies, implying that there may be cold heavy ions present (probably oxygen) consistent with earlier studies [Waters et al., 1996; Loto'aniu et al., 1999; Chi et al., 2000b; Denton et al., 2001] . (Comparing r sc,obs with the lower limit of r sc,a-ensem or r sc,poly-ensem , the difference is less.) A factor of two increase in mass density requires about a 7% density of oxygen.
Field Eigenmodes
[33] Each time we solve for the mass density consistent with a set of observed frequencies, we find at the same time the eigenmodes of the toroidal Alfvén harmonics. Figure 9 shows the eigenmodes for the first seven harmonics (n = 1-7, where n = 1 corresponds to the fundamental) consistent with a solution for r using constant density along the field line (a = 0 or the polynomial solution with only c 0 nonzero). In the left column are the eigenmodes for dE x and in the right column are the eigenmodes for dB y . The wave power is proportional to the square of the field value. Clearly, there are some values of MLAT for which the theoretical solution is large (antinodes), and some values where the theoretical solution is small (nodes).
[34] Since CRRES traverses different MLAT values (Figure 4b) , it is possible for us to compare the theoretical prediction about the MLAT distribution of wave power with the range of MLAT values for which the wave power is observed. Figure 10 shows the MLAT distribution of the power spectrum of the observed waves in the frequency range of each harmonic. (The range of MLAT is À8 to À2°, and as can be seen from Figure 4b , this roughly corresponds to 1800 -2200 UT.) For instance, for n = 1, f obs-1 = 1.98 ± 0.45 mHz (Table 1 ) and in the bottom two panels of Figure 10 (n = 1), the electric field power spectrum (multiplied by frequency) jwdE x j 2 and the magnetic field power spectrum jwdB y j 2 are averaged over this frequency range and plotted versus MLAT on the left and right, respectively. Since in each frequency range, the frequency does not vary greatly, we can compare the regions in MLAT where jwdE x j 2 or jwdB y j 2 is large with the regions of large amplitude in the theoretical solutions ( Figure 9 ) (that is, since we are comparing the MLAT distribution in a narrow range of frequency, it does not matter that the observed power spectra are multiplied by w 2 ). The dashed horizontal lines in each panel show the ranges of MLAT where the power spectrum is large. A band of gray color in a particular panel indicates that the power Figure 8 . The same as was plotted in Figure 7 , except that the polynomial form in equation (2) has been used with coefficients c 0 , c 2 , c 4 , and c 6 . Figure 9 . Theoretical eigenmode solutions based on the constant r solution (a = 0 or ''0'' polynomial solution) versus MLAT from the southern ionosphere to the northern ionosphere for dE x (left) and dB y (right) for the fundamental (n = 1 at bottom) to the seventh harmonic (n = 7 at top). spectrum at that range of MLAT lies above the dashed lines in Figure 6 (upper dashed line for the magnetic field power spectrum and lower dashed line for the electric field power spectrum). (Note that these dashed lines have a positive slope to account for the general trend of increasing power at higher frequency because of the whitening of the power spectrum.) For the higher harmonics (n ! 4), note (as in Figure 4 ) the alternation between the harmonics with odd n, for which there is power in jwdE x j 2 in the vicinity of the magnetic equator (MLAT % À2°at the right side of each panel), and harmonics with even n, for which there is power in jwdB y j 2 in the vicinity of the magnetic equator.
[35] Figure 11 shows the same eigenmode solutions as were plotted in Figure 9 (solutions for constant r), except that the MLAT range plotted is À8 to À2°; the horizontal grey bands are the same as were plotted in Figure 10 (showing the latitudinal range of the observed waves). There is a remarkable agreement between the MLAT values where the eigenmodes solutions are largest and the regions where the waves are observed (as indicated by the horizontal grey bands).
[36] The comparison between the MLAT range of observed and theoretical waves in Figure 11 is a powerful demonstration that the harmonics have been identified correctly, and this technique can be used to help identify harmonics. In principle, such a comparison can also help us determine the field line dependence of the mass density, since the eigenmode solutions will not be exactly the same if a different mass density dependence is assumed. However, the variation of the eigenmode solution with respect to the field line distribution is not great. Further work will have to be done to see if this technique can help determine the field line distribution of r.
Discussion
[37] We have examined in detail electric and magnetic field data measured by the CRRES spacecraft on 29 July 1991 in order to identify toroidal Alfvén waves. Several lines of evidence indicate that we are in fact observing these waves. First of all, the wave emission occurs in discrete bands which have the appearance of harmonics (Figures 2 -4) . Second, the frequency of these emission bands varies with L shell like Figure 10 . The solid curve in each panel is the observed power spectrum versus MLAT for jwdE x j 2 in (mV/(m-s)) 2 (left) and jwdB y j 2 in 10 À2 (nT/s) 2 (right) averaged in the frequency range for each harmonic (given in Table 1 ) for the fundamental (n = 1 at bottom) to the seventh harmonic (n = 7 at top). The gray horizontal segments in each panel show the range where the power spectrum is the largest (as described in the text). The spectral features marked by a cross are spurious (due to noise), and the region marked by question marks is obscured by noise. Figure 11 . The solid curves in each panel are the same as were plotted in Figure 9 , except that the MLAT range plotted is À8 to À2°; the gray horizontal segments are the same as were plotted in Figure 10 . (Figures 3 and 4) , which is the dependence we would expect for an Alfvén wave (scaling like the wave speed divided by the characteristic length). Finally, there is excellent agreement between the latitudinal dependence of the observed waves and theoretical modes (Figure 11 ). These facts clearly indicate that the observed banded oscillations (azimuthal direction for the magnetic field and radial direction for the electric field) are in fact due to the toroidal Alfvén wave and also show that we understand some of the basic features of these waves.
[38] Another goal of this research was to compute the field line dependence of mass density. While there is a significant uncertainty in the results due to the uncertainty in the observed frequencies, it is nevertheless true that both the solution based on the peak (mean) frequencies and the majority of solutions using a Monte Carlo simulation of the effects of uncertainty in frequency show the same result, that there is a local maximum in r within about 30°of the magnetic equator (Figures 7 and 8) . The value of r may also increase again as MLAT becomes large (Figure 8 ), as we would expect considering that the densities must increase as ionospheric altitudes are approached. However, our results are very uncertain at high latitudes (Figure 8 ), owing to the large Alfvén speed there.
[39] It is important to keep in mind that there are a number of assumptions that go into our calculations. We assume that equation (C1) (based on MHD with axisymmetry) describes the waves, that the ionospheric boundary is perfectly conducting, and that equation (2) (which assumes that the mass density distribution is symmetric about the magnetic equator) is adequate to describe the field line distribution (see section 3 and Appendix C).
[40] One important change from our earlier method for calculating the field line dependence of the mass density ] is that we determined the observed frequencies and their uncertainties by averaging the power spectra over a period of time including a number of time windows. This procedure results in an average power spectrum that is more characteristic of the entire wave event than one would find by using the power spectrum from a single time window. We also limited the frequencies to those that were apparent in two-dimensional spectrograms such as Figures 2 -4 . Using the new method for determining the frequencies, we reexamined the two wave events considered by Denton et al. [2001] , CRRES orbits 0081 and 0920. In the case of orbit 0920, only three frequencies could be clearly identified using the new method (compared with four used by Denton et al.) , and the uncertainties of these were such that the field line distribution was very uncertain. (Also, as mentioned by Denton et al., the second harmonic mode had dominant poloidal, or radial, polarization for the velocity and magnetic fluctuations.) On the other hand, for CRRES orbit 0081 (28 August 1990), eight harmonics could again be clearly identified. Seven of these are listed in Table 1 , along with the spacecraft position and other relevant parameters. (Though a peak was apparent for the eighth harmonic, it was at such a high frequency that the power was falling off sharply with respect to frequency and led to some doubt as to the exact location of the peak.)
[41] Figure 12 shows the results of our analysis for the 28 August 1990 event using the polynomial form for the mass density in equation (2). As was the case for Figures 7 and 8, the bold curve is the solution based on the peak frequencies, and the three thin curves are the log average and the log average plus or minus one standard deviation for r calculated at each position from the ensemble of solutions in a Monte Carlo simulation. Figure 12 shows a local maximum in mass density within 15°of the magnetic equator, quite similar to that of Figure 8 , and verifying the same result that was found by Denton et al. [2001] . A local maximum in density at the equator has also been found recently in a statistical study by Takahashi et al. [2004] . Their technique compliments the more detailed procedure used in this study. They used an automated procedure to identify Alfvén frequencies for all CRRES wave events with MLT between 1200 and 1800, using both the electric and magnetic field data. They separated the data into L shell bins, 4 < L 5, 5 < L 6, and 6 < L 7. They then normalized the higher frequencies to the fundamental frequency and identified two peaks from the distribution of normalized frequencies, corresponding to the second and third harmonics. The resulting frequency ratios, f 2 /f 1 and f 3 / f 1 , where f n is the frequency of the nth harmonic, indicated a roughly constant mass density along field lines for L = 4-5, consistent with diffusive equilibrium, but a mass density locally peaked at the magnetic equator for L = 5-7.
[42] Our two wave events were at L = 6.4 (29 July 1991) and 7.2 (28 August 1990), within or beyond Takahashi et al.'s (submitted manuscript, 2004 ) L = 6 -7 range. These larger L shell values are usually considered to be in the plasmatrough, where depleted flux tubes may not be in equilibrium. For the 28 August 1990 event, there is some evidence of a plasmapause at about L = 3.5 (not shown). However, the 29 July 1991 event does not show clear evidence of a plasmapause (see Figure 2) . Also, the density at the time of the 29 July 1991 event is rather high (n e = 59 cm À3 ), and the Kp is low (= 1.0 at the time of the event and averaging about 1.5 over the three previous days). Considering these facts, the plasma observed in the 29 July 1991 event could possibly be extended plasmasphere.
[43] While our results, as well as those of Takahashi et al. [2004] , indicate that the mass density at L $ 7 is locally peaked at the magnetic equator, such a result has not been found in studies of the field line dependence of the electron density [Goldstein et al., 2001; Reinisch et al., 2001 Reinisch et al., , 2004 Denton et al., 2002a Denton et al., , 2002b . Taken together, these results may imply that at this distance, heavy ions are preferentially concentrated at the magnetic equator.
Appendix A: LOMICS Mass Density Measurement
[44] In order to compute the observed mass density, we assume that the ions unaccounted for by the LOMICS ion observations are all protons. That is, the observed mass density is given by
where r sc,obs is the observed mass density at the spacecraft location, r sc,LOMICS is the mass density directly observed by LOMICS, N e-sc,obs is the electron density as determined from PWE, N e-sc,LOMICS is the electron density for electrons balancing the positive charge of the ions measured by LOMICS, and m p is the mass of a proton. The value r sc,obs is then a lower limit on the mass density, since there may be cold heavy ions not observed by LOMICS.
Appendix B: Estimation of Uncertainty for Observed Frequencies
[45] In Figure 6 , we have the power spectrum in a number of frequency bins. We first find the peaks by searching for local maxima within regions of plus or minus 2 mHz. From the peak, we move outward bin by bin to calculate the standard deviation in frequency. The sums required (sum of linear and squared frequencies) are weighted by the power spectrum in each bin. The sum in each direction is truncated if the power spectrum decreases by a factor of 9 from the peak value or if the power spectrum decreases by a factor of 3 and then starts to increase (the assumption in the latter case is that another peak has been encountered). The peak frequency is calculated from the average frequency obtained in the same way if the peak is sharp and well separated from other peaks; otherwise, a quadratic fit is used of the three power spectrum values around the peak value. In cases for which a peak is measured for both electric and magnetic field data, the two values for frequency are averaged (weighting the individual values with the inverse of the squared uncertainty), yielding a more accurate value for frequency with a smaller standard deviation.
Appendix C: Details Concerning the Calculations
[46] The wave equation (equation (9) of Singer et al. [1981] , with a misprint in their equation corrected; equation (4) of Denton et al. [2001] is also incorrect) is
where x 0 is the linear displacement in the direction of the oscillationÂ (assumed to be in the azimuthal direction at the magnetic equator) divided by the scale factor h a (proportional to the displacement to an adjacent field line in the direction of oscillation), B 0 is the equilibrium magnetic field, and s is distance along the field line. Equation (C1) requires a magnetic field model as an input; we use the Tsyganenko 96 model [Tsyganenko, 1995] if solar wind data is available (28 August 1990) or the Tsyganenko 89 model [Tsyganenko, 1989] if the solar wind data is not available (29 July 1991). We adjust the model field along the field line by multiplying by B sc,obs /B sc,Tsyg in order to more accurately model the magnitude of the field. (This is a 5% adjustment for 29 July 1991 and a 9% adjustment for 28 August 1990.) [47] The electric field perturbation is dE B = iwh a B 0 x 0 /c, while the magnetic field perturbation is dB a = h a B 0 (@x 0 /@s) (whereB =b 0 ÂÂ). The ionospheric boundary is placed at a geocentric radius of 1.08 R E (corresponding to an altitude of 500 km). We will assume that the ionospheric boundary is perfectly conducting (the assumption of Denton et al. [2001] ), in which case x 0 can be assumed to be real and the boundary condition at the ionospheric boundaries is x 0 = 0, corresponding to dE b = 0.
Appendix D: Solutions Using Different Sets of Polynomial Coefficients
[48] In section 4, we described mass density solutions using a polynomial expansion (equation (2)) in the Alfvén crossing time t (equation (3)) with four nonzero coefficients, c 0 , c 2 , c 4 , and c 6 . In this appendix, we explore how the solution changes if we use different sets of coefficients c i . In each case, we vary the coefficients c i so that the deviation between the theoretical and observed frequencies s f defined in equation (4) is minimized. Again, we use only Figure D1 . Solutions for mass density r as a function of MLAT using even polynomial functions of t. The set of numerals marking the curves indicates the powers of t included in the functional dependence of r; for instance, the curve marked ''0, 2'' has a constant term and a term proportional to t 2 . The asterisk with error bars is plotted at a value of mass density based mainly on data from PWE. even powers of t in equation (3) so that the mass density distribution is symmetric with respect to t (and approximately symmetric with respect to the distance along the field line from the magnetic equator s).
[49] Figure D1 shows the results for the mass density r as a function of MLAT. The labels next to the curves indicate the set of polynomial coefficients used. That is, the curve marked ''0'' represents the solution with only c 0 nonzero so that the mass density is constant along the field line, the curve marked ''0, 2'' represents the solution using a quadratic form log 10 r = c 0 + c 2 t 2 the curve marked ''0, 2, 4'' represents the solution with c 0 , c 2 , and c 4 nonzero, etc. The solutions with a large number of coefficients are not necessarily unique (there may be more than one solution that minimizes s f ); we show the solution with the lowest s f that we found. Our procedure for minimizing s f includes a grid search in the parameters c i to find the minimum s f ; however, this search is necessarily limited to keep the computational time manageable. Our solution with six coefficients (''0, 2, 4, 6, 8, 10'') was not significantly different from the solution for five coefficients.
[50] The value t = 0, about which the solution for r is symmetric (in t), occurs at about MLAT = À2°. Starting with the curve labeled ''0, 2, 4,'' there is a slight ''dimple'' in r at MLAT near À2°; that is, r has a local minimum confined to about ±10°from MLAT = À2°. This feature is probably not statistically significant (see the discussion in section 4.1). Aside from the ''0'' curve (constant r), all the solutions show that r is decreasing with respect to distance away from the magnetic equator at MLAT $ 15 -20°. Beyond about 30°from the magnetic equator, the solutions differ. The ''0, 2, 4, 6, 8'' solution indicates that r increases at large latitudes. This result is what we would expect considering that at some large latitude, the density should start to increase toward ionospheric values. On the other hand, this high latitude region is also where the Monte Carlo technique leads to large uncertainty (Figure 8) . The values of s f for each solution are listed in Table D1 . 
